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We study SU(2) gauge theory with two Dirac fermions in the adjoint representation of the gauge group
on the lattice. Using clover improved Wilson fermion action with hypercubic truncated stout smearing we
perform simulations at larger coupling than before. We measure the evolution of the coupling constant
using the step scaling method with the Schrödinger functional and study the remaining discretization
effects. At weak coupling we observe significant discretization effects, which make it difficult to obtain a
fully controlled continuum limit. Nevertheless, the data remains consistent with the existence of a fixed
point in the interval 2.2 ≲ g2 ≲ 3. We also measure the anomalous dimension and find that its value at the
fixed point is γ  ≃ 0.2  0.03.
DOI: 10.1103/PhysRevD.93.094509

I. INTRODUCTION
Quantitative determination of the vacuum phase of an
SUðN c Þ gauge theory with massless fermions as a function
of the number of colors, N c , flavors, N f , and fermion
representations provides a challenge for solving nonperturbative strong dynamics. Of particular interest is the
location of the conformal window, i.e. the range of values
of N f for given N c ’s and fermion representation, where the
theory has a nontrivial infrared fixed point (IRFP) governing the large distance behavior of the theory.
To concretize, consider the two-loop beta function
βðg2 Þ ¼

dg2
β
β2
¼ − 1 2 g4 −
g6 ;
d log μ2
16π
ð16π 2 Þ2

ð1Þ

for a fixed value of N c and massless quarks transforming
under some representation R of SUðN c Þ. First, at small
enough N f ’s the physics is QCD-like and βðg2 Þ is negative
for all values of the coupling and at low energy strong
SUðN c Þ dynamics induces formation of a quark-antiquark
condensate breaking the chiral symmetry. On the other
hand, the asymptotic freedom is lost above N f ¼ N f;0 , as
determined by the vanishing of the one-loop coefficient of
the beta function, β1 ðN c ; N f;0 Þ ¼ 0. In the region directly
below this upper boundary, the theory is weakly coupled
and one can establish the existence of a nontrivial IRFP
rigorously by perturbation theory [1]. However, when N f is
decreased significantly from N f;0 , the fixed point shifts
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towards larger couplings, and the spontaneous formation of
a chiral condensate may occur inhibiting the flow into the
IRFP implied by the two-loop beta function. The value
N f;crit where the transition from IRFP behavior to spontaneous chiral symmetry breaking takes place defines the
location of the lower boundary of the conformal window,
and must be determined by nonperturbative methods.
While the studies of the phase diagrams of gauge
theories in general are motivated by intrinsic interest in
strong dynamics, they also have applications in constructing models beyond the Standard Model. A prime example
are the technicolor theories, where the electroweak symmetry is broken by a spontaneous chiral symmetry breaking
of a strong interaction [2–5]. Over the last few years there
has been significant interest in the exploration of quantum
gauge theories with matter in fundamental or higher
representation. Using various approximations, the location
of the conformal window has been estimated and possible
candidates for beyond the Standard Model theories have
been identified [6]. Lattice simulations provide the only
first principle method for a precise analysis of the nonperturbative properties of these theories.
In this work we study the SU(2) gauge field theory
coupled to two massless fermions in the adjoint representation.1 The lattice studies of this model were initiated in
[18], and the first large scale simulations providing evidence for the existence of an IRFP were reported in [19,20].
These results have since then been confirmed by several
studies of different collaborations [21–33]. Even though all
1

In a related work, the existence of the infrared fixed point in
SU(2) gauge theory with different numbers of fermions in the
fundamental representation of the gauge group has been recently
studied in [7–17].
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studies so far favor the existence of an IRFP in this theory,
the results should be interpreted carefully as the slow
renormalization group evolution is masked by the discretization effects. In particular, the evolution of the coupling
constant as a function of the energy scale is not yet known
at a fully satisfactory level.
Implementation of the improved Wilson fermion into
these studies was undertaken in [34]. Here we furthermore
use hypercubic stout (HEX) smearing [35] in order to
further reduce the discretization effects. Similar methods
have been successfully applied to reduction of lattice
artifacts in QCD simulations. We also extend the smearing
to the gauge action. This allows us to run simulations at
stronger couplings, which is necessary in order to reach the
fixed point. We measure the running coupling using the
Schrödinger functional method, and while we do not have
full control of the continuum limit, the existence of a
nontrivial infrared fixed point is clear. The results from the
largest volumes (smallest lattice spacings) indicate that the
IRFP is close to g2 ≃ 2. The result is in overall agreement
with previous studies.
In addition to the existence of the IRFP, the obvious
quantities of interest are the scheme independent values of
physical observables at the fixed point. These include the
slope of the beta function and the anomalous dimension γ
of the quark mass operator ψ̄ψ, which determines the
running of the quark mass as
μ

dmðμÞ
¼ −γðg2 ÞmðμÞ:
dμ

ð2Þ

The anomalous dimension γ is phenomenologically interesting for extended technicolor model building, where the
fermion masses are produced by the technicolor symmetry
breaking. The mass anomalous dimension γ  of a quasistable IRFP together with the running of the coupling
determines the physical fermion masses. We measure the
mass anomalous dimension in our simulations and find a
relatively small value γ  ≃ 0.2 at the fixed point.
The paper is organized as follows: in Sec. II we introduce
the details of the lattice model we use. In Secs. III and IV
we discuss the running coupling and the anomalous
dimension respectively and present the results obtained
from the simulations. In Sec. V we present our conclusions
and outlook.
II. THE LATTICE MODEL

discretization errors and allows simulations at larger
couplings than unsmeared action does.
The smeared links are calculated in three sequential stout
smearing steps, each limited to the directions that are
orthogonal to those in the previous steps:


α3 X
†
†
V̄ x;μ;ν;ρ ¼ P
U U
U
Ux;μ Ux;μ ;
2 η≠μ;ν;ρ x;η xþη̂;μ xþμ̂;η


α X
V̄ x;ρ;ν;μ V̄ xþρ̂;μ;ν;ρ V̄ †xþμ̂;ρ;μ;ν U †x;μ U x;μ ;
V~ x;μ;ν ¼ P 2
4 ρ≠μ;ν

 X
α1
†
†
~
~
~
U x;μ U x;μ ;
V
V
V
V x;μ ¼ P
6 ν≠μ x;ν;μ xþν̂;μ;ν xþμ̂;ν;μ
where


1
†
†
PðUÞ ¼ exp U − U − TrðU − U Þ
2

projects the argument to SU(2), and the convention Ux;−μ ¼
U†x−μ̂;μ is used.
The smearing parameters α1 , α2 and α3 were determined
by maximizing the expectation value of the smeared
plaquette P ¼ hTrðV μν ðxÞÞi in simulations with 500 trajectories at L=a ¼ 6, β ¼ 3 and κ ¼ 0.126. This yields the
values α1 ¼ 0.78, α2 ¼ 0.61 and α3 ¼ 0.35, which are
close to the standard tree-level values [35].
The gauge action is a mixture of single-plaquette Wilson
actions with smeared and unsmeared gauge links:
X
SG ¼ βL
ð1 − cg ÞLx;μν ðUÞ þ cg Lx;μν ðVÞ
x;μ<ν

1
Lx;μν ðUÞ ¼ 1 − Tr½Ux;μ Uxþμ̂;ν U†xþν̂;μ U †x;ν ;
2

ð5Þ

where βL ¼ 4=g20 . Using partially smeared action enables
us to run simulations at stronger physical couplings, as was
observed in [28]. The properties of the gauge action are not
sensitive to the precise value of cg , and for concreteness we
choose here cg ¼ 0.5.
The fermions belong to the adjoint (three-dimensional)
representation of SU(2). We use the Wilson-clover fermion
action
X
SF ¼ a4
ψ̄ðxÞðiDW þ m0 ÞψðxÞ
x


i
þ acsw ψ̄ðxÞ σ μν Fμν ðxÞψðxÞ ;
4

The model is defined by the action
S ¼ SG þ SF ;

ð4Þ

ð3Þ

where SG is a partially smeared Wilson plaquette action and
SF is the clover improved Wilson fermion action with
smeared gauge links. We use hypercubic truncated stout
smearing (HEX smearing) [35], which helps to reduce the

where DW is the standard Wilson Dirac operator. The gauge
link matrices appearing in Sf are in the adjoint representation, which are constructed from the smeared matrices V x;μ
as follows:
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1
a
b †
~ a;b
U
x;μ ¼ Tr½σ V x;μ σ V x;μ :
2

ð6Þ

The full action is conventionally parametrized in terms of
the bare coupling βL ¼ 4=g20 , the hopping parameter κ ¼
1=ð2m0 þ 8Þ and the Sheikholeslami-Wohlert clover coefficient csw . We use the tree-level clover coefficient csw ¼ 1,
which is expected to be a good approximation with smeared
gauge links [28,35,36]. We verified the validity of this
assumption by measuring the nonperturbative clover coefficient at small volume using the Schrödinger functional
tuning method [37]. We find results consistent with the
tree-level value even at small values of βL .
With unsmeared Wilson fermions this model exhibits a
lattice bulk phase transition at large bare coupling, see e.g.
[19]. Such a transition is generally signaled by a discontinuity in both the plaquette expectation value and the quark
mass with respect to κ. Along the critical line βL ðκc Þ, where
the partially conserved axial-vector current (PCAC) quark
mass vanishes, towards larger bare couplings, this discontinuity borders the strong coupling region where zero quark
mass cannot be reached. Consequently, in this strong
coupling region physical results are not expected. The
utility of the smearing of the fermion and gauge actions is
that it moves this bulk transition to larger couplings,
expanding the range of parameter values available for
measurements.
We measure both the anomalous dimension and the
running coupling with the Schrödinger functional method
[37–40]. We consider a lattice of linear dimension L, whose
volume V ¼ L4 ¼ ðNaÞ4 . The spatial boundary conditions
for the gauge and fermion fields are periodic, while the
spatial components of the gauge link matrices at time slices
t ¼ 0 and t ¼ L are set to constant values, described in
detail in the next section. The fermion fields vanish at
t ¼ 0; L time slices. These boundary conditions remove the
fermion zero modes and allow simulations at vanishing
physical quark masses, which we use here in all of our
production runs.
The Wilson fermion action breaks chiral symmetry and
requires additive renormalization of the quark mass. Thus,
in order to simulate massless theory, we need to determine
the critical bare mass [or κc ðβL Þ] where the physical quark
mass vanishes. We define the quark mass M through the
lattice PCAC relation [41]
aMðtÞ ¼
¼

1 ð∂ t þ ∂ t Þf A ðtÞ
4
f P ðtÞ

ð7Þ

1 f A ðt þ aÞ − f A ðt − aÞ
4
f P ðtÞ

ð8Þ

and we define κ c as the value of the parameter κ where
Mðt ¼ L=2Þ vanishes. The pseudoscalar current and density correlation functions are

PHYSICAL REVIEW D 93, 094509 (2016)
TABLE I. Parameter κ used in the simulations and the PCAC
mass at each βL ¼ 4=g20 and the number of measurements
performed on the largest lattice.
κc

aMðL=2Þ

N traj

0.125842
0.126251
0.126647
0.127352
0.132309
0.136362
0.13903
0.14073
0.142812
0.14395
0.145344

−4ð1Þe-6
−8.0ð4Þe-5
−1.04ð3Þe-4
9.9(4)e-5
1.3(1)e-4
−3.3ð2Þe-4
−9.8ð3Þe-4
−9.5ð2Þe-4
−1.83ð4Þe-3
−4.22ð4Þe-3
−6.4ð1Þe-3

118557
72865
134378
145775
151203
191039
170864
158828
170602
128207
35837

βL
8
6
5
4
2
1.5
1.3
1.2
1.1
1.05
1

f A ðtÞ ¼

−a6 X a
1
A0 ðx; tÞζ̄ðyÞγ 5 σ a ζðzÞi
6
2
3L y;z

ð9Þ

f P ðtÞ ¼

−a6 X a
1
P ðx; tÞζ̄ðyÞγ 5 σ a ζðzÞi;
6
2
3L y;z

ð10Þ

where ζ and ζ̄ are boundary quark sources at t ¼ 0, and the
axial current and density can be expressed as
1
Aaμ ðxÞ ¼ ψ̄ðxÞγ μ γ 5 σ a ψðxÞ
2

ð11Þ

1
Pa ðxÞ ¼ ψ̄ðxÞγ 5 σ a ψðxÞ:
2

ð12Þ

Here σ a is a Pauli matrix acting on the flavor indices of the
quark fields.
To find κ c we measure the mass at three to seven values
of κ on lattices of size L=a ¼ 16 and interpolate to find
where the mass is zero. The values of κc used in the
simulations are given in Table I. We have also investigated
the mass dependence of the measured coupling by
reweighting it to the value of κ where the mass is zero
on the largest lattice, L ¼ 20. However, this reweighting
has a negligible effect on all our measurements and we only
show the unreweighted data. We observe no sign of a bulk
first order transition even for the strongest lattice couplings.
We note that in addition to the clover term, there are
order a improvement terms that can be added to the action
at the timelike boundaries of the lattice [34,42] and to the
axial current correlator f A [41]. Since we have chosen to
use the tree-level value for the clover coefficient csw ,
improving the step scaling function only to the first order
in g2 , we have consistently chosen to leave these improvements to the tree level, where they have no effect.
The simulations are done using the hybrid Monte Carlo
algorithm with the second order Omelyan integrator
[43,44] and the chronological initial condition for the
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The Schrödinger functional method for measuring the
coupling constant is based on a background field induced
by boundary conditions. Explicitly, the spatial gauge link
matrix boundary conditions are
U i ðx; t ¼ 0Þ ¼ e−iησ 3 a=L ;

ð13Þ

U i ðx; t ¼ LÞ ¼ e−iðπ−ηÞσ 3 a=L ;

ð14Þ

with η ¼ 0.25π. The fermion fields are set to zero at
the temporal boundaries and have twisted periodic boundary conditions in the spatial directions: ψðx þ LîÞ ¼
expðiπ=5ÞψðxÞ.
The coupling constant is defined as the response of the
system to the change of the background field:
 
∂S
k
¼ 2:
ð15Þ
∂η
g
Here k is a known function of L=a and η [39]. The
measured values of g2 ðL=a; βL Þ are given in Table II and
shown in Fig. 1. In Fig. 2 we zoom to the two smallest
couplings (large βL ); it is clear that at large enough volumes
(L=a ≳ 10) the points here reproduce perturbation theory,
while smaller volumes deviate from it.
It has been shown that the boundary conditions (15) for
adjoint SU(2) fermions generate rather large finite volume
effects. These can be reduced by halving the boundary
angle to η ¼ 0.125π [48–50]. However, this reduces the
magnitude of the background field and makes the measurement considerably noisier, and thus we retain the
boundary conditions in Eqs. (13) and (14).
The running of the coupling is quantified by the step
scaling function σðu; sÞ, which describes the change of the
measured coupling when the linear size of the system is
changed from L to sL while keeping the bare coupling g20
constant [37]:

The measured values of g2 at each βL ¼ 4=g20 and

βL

L=a ¼ 6

L=a ¼ 8

L=a ¼ 10

8
6
5
4
2
1.5
1.3
1.2
1.1
1.05
1

0.4992(3)
0.6626(3)
0.7900(5)
0.9756(8)
1.851(3)
2.518(3)
3.026(7)
3.421(10)
4.05(2)
4.62(4)
5.90(6)

0.5040(4)
0.6716(6)
0.8015(5)
0.989(1)
1.870(5)
2.518(6)
3.03(1)
3.39(2)
4.00(3)
4.44(4)
5.36(4)

0.5079(5)
0.6755(4)
0.8066(6)
0.996(1)
1.879(5)
2.515(9)
3.004(10)
3.38(1)
3.99(2)
4.38(2)
5.13(3)

βL

L=a ¼ 12

L=a ¼ 16

L=a ¼ 20

8
6
5
4
2
1.5
1.3
1.2
1.1
1.05
1

0.5091(4)
0.6783(6)
0.8112(6)
1.000(2)
1.880(5)
2.510(8)
3.00(1)
3.36(2)
3.90(2)
4.33(3)
4.96(4)

0.5115(8)
0.6810(6)
0.816(1)
1.007(2)
1.883(6)
2.504(10)
2.96(1)
3.30(2)
3.79(2)
4.18(3)
4.83(9)

0.5126(7)
0.684(1)
0.815(1)
1.007(2)
1.888(5)
2.508(9)
2.94(2)
3.28(2)
3.81(2)
4.06(3)
4.61(8)

Σðu; s; L=aÞ ¼ g2 ðg20 ; sL=aÞju¼g2 ðg20 ;L=aÞ

ð16Þ

σðu; sÞ ¼ lim Σðu; s; L=aÞ:

ð17Þ

a=L→0

We use s ¼ 2 and obtain the continuum limit from
measurements at L=a ¼ 6, 8 and 10, pairing these with
7
β =1
β =1.05
β =1.1
β =1.2
β =1.3
β =1.5
β =2
β =4
β =5
β =6
A β =8

6

5

4
2

III. EVOLUTION OF THE COUPLING CONSTANT

TABLE II.
L=a.

g

fermion matrix inversion [45]. The length of the trajectory
is fixed to two units and the step size is tuned so that the
acceptance rate is at least 80%. The measurements are
taken after every trajectory and the number of trajectories in
each simulation varies up to 200,000.
The fermion matrix inversion is accelerated using the
Hasenbusch method on lattices of the size of L=a ¼ 12 and
larger [46,47]. The intermediate
Hasenbusch
mass paramﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
p
4
eter is chosen to be m0 ¼ λL λl , where λL and λl are
estimates of the largest and the smallest eigenvalue of the
two-flavor fermion matrix M† M [47]. The eigenvalues are
measured from short runs with each β and L. For the largest
lattices, L=a ¼ 20 and 24, we split the fermion p
matrix
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
into three parts and choose the shifts as m0 ¼ 6 λ2L λl
qﬃﬃﬃﬃﬃﬃﬃﬃﬃ
and m1 ¼ 6 λL λ2l .

3

2

1
A

0

0

4

A

8

A

A

12

A

A

16

20

24

28

L/a

FIG. 1. The measured values of the Schrödinger functional
coupling g2 ðg20 ; L=aÞ against L=a at different βL ’s.
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couplings u ≳ 2 this systematic difference between large
and small volumes is not apparent. Nevertheless, it is
evident that the measurements already point towards a fixed
point at around g2 ∼ 2–3.
The proper continuum extrapolation of the step scaling
function in Eq. (17) requires that the measurements at
different L=a and 2L=a pairs are done at the same value of
u ¼ g2 ðg20 ; L=aÞ. However, for simplicity, the measurements of g2 are done at a fixed set of bare couplings
βL ¼ 4=g20 . We use here two different methods, the widely
used interpolation of the coupling g2 ðg20 ; L=aÞ and a new
method using a polynomial fit ansatz to step scaling, in
order to enable taking the continuum limit.

β=6

g

2

0.68

0.67

0.66
0.515
β=8

2

0.51

g
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0.505

0.5

0.495

A. Interpolation of g2 ðg20 ;L=2Þ
5

10

15

20

L/a

FIG. 2. g2 ðg20 ; L=aÞ against L=a for βL ¼ 6 and 8, compared
against the running of the coupling in two-loop perturbation
theory (the dashed lines).

The first method is based on interpolation of the
measurements at each lattice size L=a by fitting to a
function of g20 . We use here a rational interpolating
function [10]
2

g
lattices with L=a ¼ 12, 16 and 20. In Fig. 3 we show the
scaled step scaling function Σðu; 2; L=aÞ=u. At weak
coupling the largest volume measurements agree very well
with the universal perturbative two-loop result, but smaller
volumes deviate from it significantly. This can be understood from the behavior of the measurements of the
coupling in Fig. 2: from L=a ¼ 10 upwards the measurments are compatible with two-loop perturbation theory,
but at smaller volumes there is significant deviation. At
1.05
L=6
L=8
L=10
2-loop

Σ(u,2,L/a)/u

1

¼

g20

P
1 þ ni¼1 ai g20
P
2
1þ m
i¼1 bi g0

ð18Þ

with n ¼ m ¼ 3. These values were chosen to minimize
the combined χ 2 over degrees of freedom (d.o.f.), calculated from the sum of χ 2 and degrees of freedom for each
lattice size. The values of χ 2 are given in Table III. The
stability of the interpolation is estimated by reducing n or m
by one and repeating the analysis.
The interpolating function enables us to calculate the
step scaling at any value of u ¼ g2 ðg20 ; L=aÞ within the
interpolation range and enables us to obtain the continuum
limit using the three L=a values available. We perform the
continuum extrapolation by fitting the data to a function of
the form
Σðu; 2; L=aÞ ¼ σðu; 2Þ þ cðuÞðL=aÞ−2 :

ð19Þ

To propagate the error consistently throughout the analysis
we divide the data into 40 jackknife blocks and perform the
analysis separately on the blocks. The final continuum
extrapolated σðu; 2Þ=u is shown in Fig. 4, together with the
step scaling function Σðu; 2; 10Þ obtained from the largest
volume alone. Due to the too large values of Σ at small
volumes and weak coupling, the continuum limit at small
couplings deviates significantly from the perturbative
value. This deviation vanishes at L=a ≈ 10, as is evidenced
by Fig. 2. Therefore, we expect the L=a ¼ 10 result to be

0.95

0.9

0.85

0.8

ðg20 ; L=aÞ

0

1

2

3
u

4

5

6

The values of χ 2 =d:o:f: for each lattice size L=a.

TABLE III.
FIG. 3. The scaled lattice step scaling function
Σðg2 ; 2; L=aÞ=g2 ¼ g2 ðg20 ; 2L=aÞ=g2 ðg20 ; L=aÞ calculated directly
from the data in Table II. For comparison, the black dashed line
gives the continuum two-loop perturbative result.

L=a
2

6

8

10

12

16

20

χ =d:o:f: 0.140 0.863 0.565 0.381 0.268 0.738
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1.05

continuum extrapolation: because both σðuÞ and its discretization errors are smooth functions of u, we express
them as truncated power series. This enables us to do a
single fit to the step scaling data gathered at different
couplings and lattice sizes. Concretely, the fit function has
the form

σ(u,2)/u

1

σðu; 2Þ ¼ 1 þ

n
X

ci ui

i¼1
0.95

Σðu; 2; a=LÞ ¼ σðu; 2Þ þ

L/a=Continuum
L/a=10
2-loop

f k ðuÞ

k¼2

f k ðuÞ ¼

mk
X

ak
Lk
ð20Þ

ck;l ul ;

l¼1
0

1

2

u

3

4

5
2

FIG. 4. The scaled step scaling function σðu; 2Þ=u, u ¼ g ,
using only the largest volume pairs (L=a ¼ 10 and 20) (the red
hashed band) and with continuum extrapolation (the green
shaded band). The black dashed curve shows the universal
two-loop perturbative result.

actually closer to the true continuum result than the result
from the extrapolation. At couplings u ≳ 2.5 the continuum
limit and the L=a ¼ 10 result agree remarkably well.
Because the lattices with L=a < 10 show significant
finite volume effects at small coupling, it would be
preferable to use only lattices larger than this in the
continuum limit extrapolation. In order to test this we
have also analyzed the step scaling with a factor of 1.6,
using L=a pairs (10,16) and (12.5,20). The “measurements” at L=a ¼ 12.5 were synthesized from existing
measurements, using either linear interpolation with L=a ¼
12 and 16 or quadratic interpolation using L=a ¼ 10, 12
and 16, with negligible differences. While this method
works in principle, in practice the lever arm from 10 to 12.5
is so short that the continuum limit becomes very unstable
and does not give a useful result. In conclusion, a stable
continuum limit would require simulations done at significantly larger volumes.
The results indicate a fixed point close to g2 ¼ 2…3.
Using only L=a ¼ 10 results, the fixed point is at
g2 ¼ 2.2ð2Þþ0.6
−0.4 , where the first error estimate gives the
statistical error and the second includes estimated systematic error from the rational interpolation. However, the
continuum limit result tells us only that the fixed point is
somewhere below g2 ∼ 3, see Fig. 4.
B. Power series ansatz
The true β function is a smooth function of g2 and, at
small coupling, its behavior is determined by the perturbative part, which can be expanded in a power series of the
coupling g2 . This motivates us to try a different type of

where ci and ck;l are the fit parameters. Because the
discretization effects vanish as u → 0, the expansion of
f k starts at u1 .
Due to the universality of the two-loop β function we
know exactly the u0 , u1 and u2 terms in the step scaling
function σðuÞ. If the coefficients c1 and c2 are constrained
to these universal values, we do not obtain an acceptable fit
using only Oða2 Þ discretization errors. This should not be
surprising, considering the behavior of the data at small
couplings, as described in the previous section.
However, the fitting procedure here allows us to include
also subleading Oða3 Þ discretization effects. When these
are included we obtain good and robust fits with a varying
number of fit parameters. In Fig. 5 we show two fits with
na ¼ 3 [i.e. we include Oða2 Þ and Oða3 Þ discretization
1.05

2

(a/L) + (a/L)

3

1
σ(u,2)/u

0.9

na
X

unconstrained

0.95

0.9

0

1

2

u

3

4

5

FIG. 5. The continuum step scaling function resulting from
extrapolations of the type in Eq. (20). The shaded bands show the
result when the fit is constrained by the universal β-function
coefficients, where the wider band includes terms up to u5 , the
narrower band up to u4 . The red hashed band shows the
unconstrained result. For details, see the text.
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FIG. 6. The estimate for the mass anomalous dimension γ̄ðuÞ. (Left panel) Examples of the continuum extrapolation. (Right panel)
The green shaded band shows the continuum limit of γ̄, and the red hashed band shows the result using only the largest lattice size
L=a ¼ 12. The black dashed line gives the one-loop perturbative result.

errors]: the first fit is done with n ¼ 4, m2 ¼ 4 and m3 ¼ 2,
in total eight parameters, with χ 2 =d:o:f: ≈ 20=25. The
result is shown with a shaded band in Fig. 5. In the second
fit we use n ¼ 5, m2 ¼ 5 and m3 ¼ 3, all in all 11
parameters. The resulting fit has χ 2 =d:o:f: ≈ 18=22, and
is shown with a broader shaded band in the figure. The
statistical error bands are obtained using jackknife analysis.
The first fit is among the most constrained ones (i.e. the
least number of fit parameters) producing an acceptable
result. The second fit has more fit parameters and naturally
produces a result which has wider statistical errors.
However, the good match of the fits supports the overall
stability of the fitting procedure.
By construction the above fits match the perturbative
two-loop result perfectly at small u. If we do not constrain
c1 and c2 to the known values but leave them as fit
parameters, we obtain a result which is similar to the
continuum limit obtained using the interpolation method,
Fig. 4. In this case good χ 2 ’s [∼19 with 25 degrees of
freedom (d.o.f.)] is obtained using only Oða2 Þ discretization errors. The resulting unconstrained curve is also shown
in Fig. 5. The error band is considerably narrower due to
less freedom [a missing Oða3 Þ contribution] in the continuum extrapolation. If Oða3 Þ errors are included here, the
error band becomes so broad that the fit loses its predictive power.
Thus, the advantage of the truncated power series fit is
that it easily allows us to constrain the continuum limit with
the known β-function behavior. It is well controlled,
enabling us to take into account some of the subleading
discretization effects. It also avoids the interpolation step,
Eq. (18). The disadvantage is that the step scaling function
is modeled with a truncated power series in u, in this case

up to u4 or u5. However, we should keep in mind that
the interpolating function, Eq. (18), also restricts the
structure of the resulting step scaling function.2 All in
all, the result in Fig. 5 is obtained using eight parameters,
whereas in the interpolation method 6 × 6 ¼ 36 fit parameters were used.
Because the truncated series method gives more realistic
behavior at small couplings, we take our final estimate from
the first fit shown in Fig. 5. Here the fixed point coupling is
now in the interval 2.2 ≲ g2 ≲ 3, with a best fit value at
g2 ≈ 2.5. This range agrees with earlier results in
Refs. [20,23]; however, in [28] a somewhat larger value
g2 ≈ 5 (within the same scheme) is obtained. In Ref. [32]
the fixed point was determined using the gradient flow, i.e.
a different scheme, leading to the result g2 ≈ 5.5.
IV. ANOMALOUS DIMENSION
For the measurement of the anomalous dimension of the
mass, the spatial gauge links are set to unity at temporal
boundaries:
Ui ðx; t ¼ 0Þ ¼ Ui ðx; t ¼ LÞ ¼ 1:

ð21Þ

The mass anomalous dimension γ is measured from the
running of the pseudoscalar density renormalization constant [51,52]
2

The use of the interpolating function can be avoided if the
simulation parameters at different volumes are carefully tuned so
that the measured couplings u ¼ gðg0 ; L=aÞ are equal at each
L=a. In this case Eq. (17) can be directly applied. This was the
procedure followed in the original Schrödinger functional analysis by Luscher et al. [37].
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The measured values of ZP at each βL and L=a.

βL

L=a ¼ 6

L=a ¼ 8

L=a ¼ 10

L=a ¼ 12

8
4
2
1.5
1.3
1.2
1.1

0.9816(1)
0.9214(2)
0.7926(4)
0.7095(5)
0.6572(6)
0.6222(5)
0.5782(7)

0.9615(2)
0.8908(4)
0.7475(6)
0.658(1)
0.6014(9)
0.568(1)
0.5262(9)

0.9496(2)
0.8710(5)
0.7177(6)
0.6254(7)
0.5668(8)
0.537(1)
0.4923(10)

0.9404(3)
0.8565(8)
0.6982(10)
0.603(1)
0.548(2)
0.510(2)
0.467(2)

βL

L=a ¼ 16

L=a ¼ 20

L=a ¼ 24

8
4
2
1.5
1.3
1.2
1.1

0.9289(6)
0.833(1)
0.665(2)
0.566(2)
0.508(2)
0.472(2)
0.434(2)

0.9185(8)
0.820(1)
0.640(3)
0.537(3)
0.485(2)
0.451(3)
0.407(2)

0.9123(9)
0.804(2)
0.623(4)
0.522(3)
0.465(4)
0.429(3)
0.385(3)

pﬃﬃﬃﬃﬃﬃﬃ
3f 1
;
f P ðL=2Þ

ð22Þ

ZP ðLÞ ¼

where the correlation function f P ðtÞ is given in Eq. (10) and
is normalized using the boundary-to-boundary correlator


−a12 X
1 a 0
1 a
0
f 1 ¼ 12
ζ̄ ðuÞγ 5 σ ζ ðvÞζ̄ðyÞγ 5 σ ζðzÞ : ð23Þ
2
2
3L u;v;y;z
Since the mass step scaling measurement is less noisy
than the coupling measurement, it is possible to use lattices
of the size L ¼ 24. The measured values of ZP are given in
Table IV.
Now we can define the mass step scaling function as [52]
ΣP ðu; s; L=aÞ ¼

ZP ðg0 ; sL=aÞ
ZP ðg0 ; L=aÞ

g2 ðg0 ;L=aÞ¼u

σ P ðu; sÞ ¼ lim ΣP ðu; s; L=aÞ:
a=L→0

ð24Þ

log σ P ðu; sÞ
:
log s

L=a

ð26Þ

The estimator γ̄ðg2 Þ is exact only at a fixed point where
βðg2 Þ vanishes and deviates from the actual anomalous
dimension when βðg2 Þ is large.

6

8

10

12

16

20

2

24

χ =d:o:f: 2.38 0.526 2.72 0.425 0.101 0.238 0.128

Combined
0.930

For the analysis of the mass step scaling, we fit the data
to an interpolating function. In this case a simple polynomial function is sufficient,
ZP ðβL ; L=aÞ ¼ 1 þ

n
X

ci g2i
0;

ð27Þ

i¼1

where the optimal χ 2 over degrees of freedom is given by
n ¼ 5. The χ 2 values for the fits are given in Table V. The
systematic error from this step is estimated by reducing n
by one and repeating the analysis.
We then calculate the mass step scaling function
ΣP ðu; s; L=aÞ in Eq. (24) at L=a ¼ 6, 8, 10 and 12. The
value for the coupling u ¼ g2 is obtained from the rational
fit in Eq. (18). Finally, we calculate the estimating function
γ̄ðu; a=LÞ and find the continuum limit γ̄ðuÞ by fitting to a
function of the form γ̄ðu; a=LÞ ¼ γ̄ðuÞ þ cðuÞða=LÞ2 . The
result is shown in Fig. 6.
At the fixed point we obtain the anomalous dimension
γ  ¼ 0.2  0.03, where the dominant uncertainty comes
from the location of the fixed point, g2 ≈ 2.5þ0.5
−0.3 . As can be
seen from Fig. 4, γ̄ðuÞ is compatible with the perturbation
theory within the range of u studied. However, in perturbation theory the IR fixed point typically happens at much
larger coupling, and thus the anomalous dimension at the
IRFP is correspondingly larger.
In Ref. [28] a larger result, γ  ≈ 0.31ð6Þ, was obtained in
the same scheme as used here. In Ref. [30] Patella used a
different method to obtain again γ  ≈ 0.37ð2Þ. In both of
these cases the difference is in practice due to the larger
value for the fixed point coupling.

ð25Þ

We choose s ¼ 2 and find the continuum step scaling
function σ P by measuring ΣP at L=a ¼ 6, 8, 10 and 12 and
performing a quadratic extrapolation.
The mass anomalous dimension can then be obtained
from the mass step scaling function [51]. Denoting the
function estimating the anomalous dimension γðuÞ by γ̄ðuÞ,
we have
γ̄ðuÞ ¼ −

TABLE V. The values of χ 2 =d:o:f: for the interpolation of ZP
for each lattice size L=a.

V. CONCLUSIONS
In this paper we have presented the results of a lattice
study of the SU(2) gauge theory with two fermions in the
adjoint representation of the gauge group. On the lattice the
theory has been formulated using a HEX smeared fermion
action with tree-level improvement and a partially smeared
plaquette gauge action. We expect this formulation to
remove most of the OðaÞ errors and to alleviate the higher
order errors and allow us to investigate the continuum limit.
We have measured the running coupling and the mass
anomalous dimension in the Schrödinger functional
scheme, using larger lattices than previous studies. Our
results confirm the existence of a nontrivial infrared fixed
point. The Schrödinger functional coupling at the fixed
point is g2 ≃ 2.5þ0.5
−0.3 . This agrees with the results in
Refs. [20,23], however, in these studies no proper
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continuum limit was possible. DeGrand et al. [28] obtained
g2 ≃ 5, a substantially larger value than we, although with
a large uncertainty. In each of these studies different lattice
actions were used. Therefore, while in the continuum limit
all should give the same answer, at finite lattice spacings
and without reliable continuum limit the results may differ.
Indeed, as we have observed here in Fig. 2, at L=a ≲ 10 the
finite volume (equivalent to finite lattice spacing in the
Schrödinger functional scheme) effects remain substantial.
This makes the standard continuum limit extrapolation of
the step scaling function unreliable. We have also presented
results from a continuum limit extrapolation using a
truncated power series ansatz, which enables us to constrain
the result with the universal two-loop perturbative
β-function coefficients. Nevertheless, it may very well be
that significantly larger volumes are needed for a reliable
continuum result.

For the mass anomalous dimension at the fixed point we
obtain γ  ≃ 0.2  0.03. Here the error is dominated by the
uncertainty of the fixed point coupling g2 . In general, γðuÞ
follows the perturbative result closely up to g2 ≈ 4.
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