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(1.1)

1. The Stoichiometric Number for Complex reaction mechanisms

1.1 Background for a Systematic Determination of the Stoichiometric Number

F
or simple two and three step reaction mechanisms it is seldom a problem to determine how many times a specific
elementary step has to occur in order for the net reaction to occur ones. Most catalytic reaction mechanisms
though consists of a much larger number of elementary steps which often form a web of interdependent catalytic

cycles. This makes it difficult to determine the stoichiometric number defined as the number of times the individual
elementary reaction has to occur for the net reaction to occur once. There is therefore a need for a systematic approach
on how to determine the stoichiometric number for the individual elementary reaction in a given reaction mechanism.
The following is a short description of such a systematic approach adopted from S. Wedel [1].

1.2 Reaction Mechanism

A reaction mechanism consist of a number of elementary reactions. Each balanced elementary reaction equation defines
the stoichiometric coefficients Li,j for component j in reaction i. The internationally accepted IUPAC (International Union
for Pure and Applied Chemistry) rules demand, that the stoichiometric coefficients be positive for products and negative
for reactants. Furthermore products are defined as the components on the right side of the reaction arrows and reactants
as components at the left side of the reaction arrows.
Components that do not participate in the specific reaction as either reactants or products have the stoichiometric
coefficient Lij = 0.
The suggested reaction mechanism has to give a complete description of the reactions in which the catalyst and any
intermediate component is expected to participate during the catalytic transformation of reactant to product. To facilitate
the description of the reaction mechanism the following nomenclature is introduced:

Total of number of elementary reactions in the suggested reaction mechanism: R
Total number of components in the suggested reaction mechanism: S

The  S components are formally denoted Aj, where j is an index between 1 and S that denotes the individual component.
Using this notation the reaction mechanism can formally be written as:

where 
R is the total number of balanced reaction equation in the reaction mechanism.
S is the total number of components.
ri is the total number of reactants in reaction i.

Included in the components are also the active sites on the catalyst since they are necessary in order to describe the
reaction path and the function of the catalyst.
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(1.2)

(1.3)

(1.4)

(1.5)

The S components can be divided into two main groups:

SN: Components that enters into the net reactions. That is components not fixed to the catalyst or in any other way
only appears as intermediates in the suggested reaction mechanism.

SC: Components that contain a catalyst site or in any other way appears as an intermediate that does not enter into
the net reactions.

This of course yields

1.3 The stochiometric coefficient matrix - Formalism for suggested reaction  
mechanism.

An often used formal way of stating a reaction equation is:

Which in matrix form becomes:

Where  denotes the stochiometric coefficient matrix for the suggested reaction mechanism.

The stoichiometric coefficent matrix contain all the stoichiometric coefficents for the S components in the R suggested
elementary reactions for the mechanism:
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(1.6)

(1.7)

(1.8)

1.4 Determination of the stoichiometric number for the elementary reactions

The set of elementary reactions given by equation (1.4), the suggested reaction mechanism, might contain more than one
reaction path for the same net reaction and the mechanism may also contain  reaction paths describing more than one
simultaneous net reaction. The suggested set of elementary reactions might also be incomplete so that it does not lead
to the net reaction it should describe. It is therefore necessary to make a systematic analysis of (1.4).
It should be noted that the elements in the component vector  can be arranged in such a way that the SN net rection

components is placed first in the vector while the SC intermediate components are placed last:

in this way the stochiometric coefficient matrix is split into a first submatrix  containing the stochiometric coefficients

for the net reaction components followed by a second submatrix containing the stochiometric coefficients for the

intermediate components.

Or in a more compact form

Valid reaction mechanisms can now be determined by demanding that the net reaction contain no intermediate
components.
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(1.9)

(1.10)

(1.11)

(1.12)

Independent net reactions, R, in systems of elementary reactions as (1.4) can be found by multiplying each  elementary
reaction i with the stoichiometric number for that elementary reaction, Fi,R, and add the resulting reaction equations:

This operation leads to R stoichiometric numbers,  Fi,R, for each independent net reaction R.
Ordered in matrix form this leads to the stochiometric number matrix:

where  L is the total number of independent net reactions. 
Combined with the elementary reactions (1.4) and the net reactions (1.9) this yields:

Where  is the stoichiometric coefficients for the net reactions.

It follows from (1.11) that each row in the stoichiometric number matrix, , yields one net reaction that can be described

by the reaction formalism (1.4).
On the precondition that the component vector  is not a null vector, a condition which will be fulfilled if there is a

suggested reaction mechanism, the stoichiometic number for the individual reaction i in the net reaction R, Fi,R, according
to (1.11) can be determined by

Where the net reaction stoichiometric coeffcient matrix, , is split into a first submatrix containing the stoichiometric

coefficients for non-intermediate components and a second submatrix containing the stoichiometric coefficients for the
intermediate components.
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(1.13)

(1.14)

(1.15)

(1.16)

If the net reactions are not to contain any intermediate components then all elements in  must be 0. This leads to the

following equation:

If (1.13) has only the null solution the suggested reaction mechanism (1.4) is incomplete and further elementary reactions
have to be found. To determine if   has other solutions than the null solution (1.13) can be restated:

If (1.13) has other solutions than the null solution then the stochiometric numbers, Fi,j, can be found by solving the set
of linear equations given by

To determine   (1.15) can be rewritten in the form:
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Example E 1.1Determination of the Stoichiometric Numbers in a Catalytic Cycle:
The formation of SO3 from SO2 and O2 using the K2S2O7-V2O5-catalyst.

Industrially concentrated sulphuric acid is produced by diluting oleum that has been formed by absorption of sulphur
trioxide in concentrated sulphuric acid. Sulphur trioxide is formed by catalytic oxidation of sulphur dioxide with oxygen
over a catalyst. The catalyst consists of a melt which main constituents are vanadium in the pentavalent and tetravalent
oxidation states, potassium pyrosulphate and potassium sulphate, all absorbed in porous silica particles. 
The net reaction for the oxidation process is:

In a paper from 1989 Balzhinimaev et al [2] suggested the following set of elementary reactions to describe the reaction
mechanism behind the formation of SO3 from SO2 and O2:

It has to be stressed that the shown vanadium intermidiates are simplified notations for far more complex vanadium
compounds for which the true composition is still partly unknown.
The question is, if the suggested elementary steps do describe a catalytic cycle for the formation of sulphurtrioxide?

To answer this question we must determine the stoichiometric number Fi for each elementary step. This is done by
solving equation (1.14). If this equation has other solutions than the null solution the suggested elementary steps can form
the basis for a reaction mechanism. If the stoichiometric numbers are determined from equation (1.16) the catalytic cycle
can be stated.

First all components and reaction equations are numbered. Then each reaction can be allocated a stoichiometric number.
For the net reaktion we get:
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and for the elementary steps:

From these tabulations the stoichiometric coefficient matrix for the elementary reactions  can be written:

and the stoichiometric coefficient matrix for the net reaction stated as:
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From this we can determine if equation (1.14) has other solutions than the null solution:

By restating the linear equations in total matrix form:

 and then reduce this total matrix using Gauss-elimination [3, s.344-352]:

it is seen that the range of the coefficient matrix is 5 while the number of unknown Fi’s are 6. Therefore other solutions
than the null solution exists for (1.14) [3 ,361-364]. We now need only to determine the stoichiometric number for each
elementary reaction. To this purpose the linear equations (1.16) are setup.
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By inserting the allready reduced stoichiometric coefficient matrix  in (1.16) we get:

which in more compact form can be written

This set of linear equations is again solved by Gauss-elimination
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leading to the stoichiometric numbers:

As seen reactions 1 to 3 describes the catalytic cycle while reactions 4 through 6 does not take part in the catalytic cycle.
From the solution to  the graphical depiction of the reaction pathway shown in figure E 1.1 can be drawn. As seen

reaction 4 through 6 do not participate in the catalytic cycle but they do influence the reaction rate as some of the
catalytic material is stored in an inactive form in the three side reactions.

Figure E 1.1Catalytic cycle for the oxidation of SO2 to SO3 using a vanadium catalyst according to Balzhinimaev
et al [2].
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2. Internal Heat and Mass Transport Limitations 

U
ntil now, we have assumed that there has been no resistance to mass or heat transfer in the catalyst pellets. This
has meant that the rate of reaction measured in the laboratory reactor was the kinetic rate of reaction and that
sizing and reactor design depended on the kinetic rate of reaction alone. Unfortunately, both internal and

external heat and mass transport limitations might influence the rate of conversion in an industrial reactor. In the
laboratory, transport limitations can be avoided by choosing appropriate experimental conditions but in full scale
production diffusive transport often limits the production rate. It is therefore necessary to take a closer look at how to
deal with internal and external mass and heat transport for solid catalyzed reactions.
In order to do this, experimental criteria for checking the influence of internal mass and energy transport will be setup
and a stringent mathematical model for internal mass and energy transport will be derived for selected catalyst shapes.

2.1 Experimental Criteria for Neclecting Internal Mass Transport Limitations

2.1.1 A Closer Look at Catalyst Pellets

Numerous criteria for when internal heat and mass transport limitations are of no or little importants have been put
forward. In the following, some of the experimental criteria will be presented. As these criteria depend on the internal
structure of the catalyst a more detailed description of catalyst pellets follows.
Most catalyst pellets consists of a cheap, porous inert carrier material like Al2O3, SiO2 or MgO on which a catalytically
active material like V2O5, Pt, Ni or Fe has been deposited. The structure of such pellets are seen in figure 2.1.

a.        b.

Figure 2.1 a. Electron microscopic picture of porous catalyst pellet, Rh on Al2O3 [4] . b. Mass transport in and out
of a catalyst pore.

It  is obvious that the catalyst particles closest to the pellet centre will not experience the same reactant concentration
as the particles closer to the pellet’s exterior. In server cases, no reactants will actually reach the pellet centre and catalyst
particles close to the centre will remain inactive due to lack of reactant. In the same way, the reaction might develop a
high amount of heat or be very endothermic. The temperature and reactant concentration may therefore differ inside the
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(2.1)

catalyst pellet as seen in figure 2.2. In the laboratory, mass and heat transport limitations might lead to a difference
between the observed rate of reaction and the true kinetic rate of reaction:

As we need to know the reaction rate in order to upscale from laboratory to full scale and the laboratory pellets are
usually not the same size as the industrial catalyst pellets it is important to know the kinetic rate of reaction and not only
the observed rate of reaction. 
One could of cause think that using the same catalyst pellet shape and size in laboratory and full scale would lead to the
same observed rate of reaction in full scale and laboratory. Unfortunately, the concentration outside the catalyst pellet
will seldom be the same in laboratory and full scale set-up and carrying out laboratory experiments with all possible
combinations of concentrations would be time consuming. Therefore practical experimental tests have been developed
in order check if the measured rate of reaction is the true kinetic rate of reaction or it is influenced by internal mass and
heat transport limitations.

Figure 2.2. Expected temperature change, ) T, and concentration profile. CA,  in a spherical catalyst pellet

2.1.2 A First Experimental Test for Internal Mass and Heat Transport Limitations

A simple initial laboratory test that can be performed with most catalyst pellets is to measure the rate of reaction as a
function of catalyst pellet size. The procedure is as follows:
a. Measure the rate of reaction at a specific set of experimental conditions using catalyst pellets of diameter dp1. This

determines the observed rate of reaction for the pellet diameter dp1:
-rA,obs(dp1)

b. Repeat experiment a. with a catalyst pellet diameter dp2 smaller than dp1. This determines the observed rate of
reaction for pellet diameter dp2.

-rA,obs(dp2)
If -rA,obs(dp2) is equal to -rA,obs(dp1) the observed rate of reaction is equal to the kinetic rate of reaction -rA,kin.
If -rA,obs(dp1) is less than -rA,obs(dp2) the pellet diameter should be reduced and b. repeated until the rate of reaction
does not increase with decreasing pellet diameter.
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(2.2)

(2.3)

2.1.3 The Koros-Nowak Criteria for Neglecting Internal Mass and Heat Transport Limitations

One could raise the objection that using the simple test mentioned in section 2.1.2 does not guarantee that an internal
temperature raise does not compensate for a lower reactant concentration as shown in figure 2.3.

Figure 2.3 Two identical observed reaction rates where a temperature increase compensates for a decrease in reactant
concentration

This effect can be avoided using the Koros-Nowak criteria [5]. Koros and Nowak use the rule of thumb that
1. The kinetic reaction rate is proportional to the concentration of active sites: -rA,kin % [*]
2. That reactions influenced by internal mass transfer limitations are proportional to the square root of the

concentration of active sites:  -rA,kin % [*] ½

3. That reaction rates determined by external transport limitations are independent of the concentration of active
sites:   -rA,kin % [*] 0

Koros and Nowak therefore suggests the following procedure in order to test if internal or external mass transport limit
the observed reaction rate:

a. Measure the rate of reaction at a specific set of experimental conditions using catalyst pellets of a diameter
dp1 for which the criteria of section 1.1.2 shows no mass transport limitations. This determines the observed
rate of reaction for the pellet diameter dp1:

-rA,obs1

b. Grind the catalyst pellet into a fine powder. Mix the catalyst powder with a known amount of inert powder,
preferably the carrier material used for the catalyst pellet. Press this mixture into a new catalyst pellet of
diameter dp1. Determine the dilution factor f from

Where fd is the catalyst dilution factor
wcat.,powder is the weight of catalyst powder mixed in pellet [kg]
winert,powder is the weight of inert powder mixed in pellet [kg]

Repeat experiment a. and determine the new observed rate of reaction for the diluted catalyst pellet
-rA,obs2

if the new measured rate of reaction is equal to the rate of reaction determined under a. times the dilution factor
no transport limitations exist:

The Koros-Nowak method is more difficult to carry out than the criteria of section 2.1.2. It should therefore first  be used
after an expected mass transfer limitation free diameter has been found using criteria 2.1.2.
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Though the Koros-Nowak criteria works well for solid catalysts deposited on inert carriers, it does not work for
supported liquid phase catalysts.

2.1.4 Criteria for Neclecting Internal Mass Transport Limitations in Supported Liquid Phase Catalysts

A special case where the Koros-Nowak criteria does not apply is supported liquid phase catalysts (SLPC). An SLPC
consists of a liquid phase catalyst absorbed in a porous solid carrier typically SiO2 or Al2O3. This might at first seem like
a very special case, but industrially important catalysts like the V2O5-K2S2O7-SiO2 catalyst for  oxidation of  SO2 to SO3

or the P2O5-clay catalyst for hydrogenation are in fact SLPCs. Industrially SLPCs are thus used to catalyse reactions where
reactant gases are transported from the gas phase and absorbed in the liquid catalyst phase there to react and form products
that desorbs into the gas phase leaving as gaseous products.
Liquid absorbed in a porous carrier will distribute it self so as to reach the lowest Gibbs free energy. For liquid-solid
interactions with contact angles below 90/, the liquid will adhere to the surface of the solid so as to reach as low a liquid-
gas interface as possible. For liquid-solid interactions with contact angles above 90/, the liquid will try to reject the surface
and form spheres so as to get least possible contact with both gas and solid. Both cases are shown in figure 2.4. As liquids
with contact angles above 90/ tend to be ejected from the solid carrier, SLPCs tend to be made from liquids with contact
angles below 90/ and the liquid catalyst distribution tends to be as shown in figure 2.4a.

Figure 2.4 Distribution of liquid catalyst for a. A liquid with contact angle below 90/ and b. A liquid with contact angle
above 90/.

Since the diffusivity in a liquid is in the order of 10-10  while the diffusivity in a gas is around  10-6  the

mass transport by diffusion in the liquid phase is roughly 10-4of what is expected in the gas phase. Therefore mass transfer
limitations can occur in the liquid phase even though no mass transfer occur in the gas phase. While the simple criteria
suggested in section 2.1.2 and the Koros-Nowak criteria will insure that no mass transport limitations occur in the gas
phase they cannot guarantee that mass transport limitations do not influence the reaction rate in the liquid phase. To check
for mass transport limitations in the liquid phase, a different procedure therefore has been suggested by Livbjerg et al [6].
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(2.4)

(2.5)

(2.6)

First the volume ratio of liquid absorbed in the carrier pores has to be known. This is defined as the liquid loading 

Where is the liquid loading defined as catalyst containing liquid volume to pore volume.

Then the following procedure can be applied
a. Use a catalyst pellet of diameter dp1 for which the criteria of section 2.1.2 and the Koros-Nowak criteria show no

mass transfer limitations. Then measure the rate of reaction at a specific set of experimental conditions using a liquid
loading of " 1. This determines the observed rate of reaction for this liquid loading:

-rA,obs1

b. Prepare a new catalyst with carrier diameter dp1 and a liquid loading " 2 lower than " 1. Repeat experiment a. and
determine the new observed rate of reaction for the this catalyst pellet

-rA,obs2

if the new measured rate of reaction is equal to the ratios between the new and the old liquid loading times the rate
of reaction determined under a. no transport limitations exist:

The Livbjerg criteria is of cause an extention of the Koros-Nowak criteria and need only  to be carried out for SLPCs.

2.2 Models for Predicting the Influence of  Internal Mass Transport 

Limitations

In the laboratory, it is possible to avoid mass and heat transport limitations by reducing the catalyst pellet diameter and
for SLPC’s the liquid loading. For industrial size reactors, such an approach will often lead to large pressure drops in the
reactor. This leads to poor economics since the pressure drop has to be overcome by larger pumps or compressors. In
industrial use catalyst pellets therefore often have large diameters leading to observed reaction rates below the kinetic
reaction rate as determined in the laboratory. From a design and operational point of view it is therefore attractive to be
able to predict the rate of reaction observed during industrial conditions based on the kinetic rate of reaction measured
in the laboratory. For this purpose, a catalyst pellet internal effectiveness factor is defined

Where  is the internal catalyst effectivness factor. 
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(2.7)

Based on this definition, the observed reaction rate which should enter into the design equation for an industrial reactor
can be calculated from

as long as the effectiveness factor is known. In principle, the effectiveness factor could be found from experiments in the
laboratory, but a cheaper and more efficient approach would be to set up a mathematical model which a priori could give
a reliable estimate of the internal catalyst effectiveness factor. Such models should take into account the shape and
structure of the catalyst pellet be relatively simple to use but still give sufficiently accurate results. For three simple but
often seen catalyst pellet geometries: the slab, the cylinder and the spherical pellet, such models do exist.

2.2.1 A Mathematical Model for Mass Transport in a Catalyst Slab

An idealized catalyst slab is shown in figure 2.5. It has a thickness of 2LP, a length b and height a. Both length and height
are much larger than 2LP. Therefore, the transport of reactants and products through the end surfaces can be ignored and
only the transport through the surface areas A1 and A2 need to be considered. The reactant concentration profile through
the slab will therefore be symmetrical around the slab centerline as shown in figure 2.5 b. 

Figure 2.5. a. Ideal catalyst slab. b. Cut through a catalyst slab. 
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(2.8)

(2.9)

(2.10)

The molar flow per area through the catalyst slab is termed the molecular flux, NA. The flux is positive if the flow of A
is in the direction of z. At steady state, the amount of A entering the slab will equal the observed rate of reaction as no
A is accumulated inside the catalyst slab:

where A1 is the cross sectional area of the catalyst slab given by a@b [m2]
a is the catalyst height as seen in figure 2.5 [m]
b is the catalyst length as seen in figure 2.5 [m]
Lp is half the catalyst thickness as seen in figure 2.5  [m]

is the flux of component A at the catalyst outer surface 

-rAobs is the observed rate of reaction 

Dp is the catalyst pellet density 

The observed rate of reaction and therefore the internal effectiveness factor can be calculated if the molar flux at the pellet
surface is known:

The flux at the pellet surface can be found from a molar balance over the catalyst slab:
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(2.11)

(2.12)

(2.13)

(2.14)

As the reaction rate is a function of concentration and not the flux, a Fick’s first law description of the flux is introduced:

where DAe is the effective diffusivity inside the pellet 

This leads to:

The boundary conditions for this second order differential equation is

as seen from figure 2.5b.
In general, it is more useful to have equation (2.12) in dimensionless form. This is accomplished by  the substitutions:
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(2.15)

(2.16)

(2.17)

This substition leads to:

 The dimensionless form of the differential equation then becomes:

with the boundary conditions:

Equation (2.16) does not in general have an analytical solution and therefore often has to be solved using a numerical
method for solving ordinary differential equations (ODE). In most, cases a differential equation like (2.16) needs to be
solved for each reactant and product simultaneously leading to a set of coupled differential equations. This though is not
a problem for most ODE-solvers.
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(2.18)

(2.19)

(2.20)

(2.21)

2.2.2 A Mathematical Model for Mass Transport in a Catalyst Slab: Irreversible First Order Reactions

For first order irreversible reactions, an analytical solution to equation (2.16) does exist:

The dimensionless constant in front of >A is the square of the Thiele modulus:

Inserting the Thiele modulus into equation (2.18) yields

Equation (2.20) can be solved using LaPlace transformation:
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(2.17)

(2.22)

(2.23)

(2.24)

(2.25)

From the boundary condition:

The unknown constant >A(0) can be found:

The solution to the differential equation then is

The flux at the catalyst surface therefore becomes

The effectiveness factor for a first order irreversible reaction can now be determined from (2.9) as
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(2.26)

2.2.3 A Mathematical Model for Mass Transport in a Cylindrical Catalyst Pellet

An idealized cylindrical catalyst pellet is shown in figure 2.6. It has a diameter of 2LP and a length L which is much larger
than 2LP. Therefore the transport of reactants and products through the end surfaces can be ignored and only the transport
through the surface area A1 needs to be considered. The reactant concentration profile through the cylinder will therefore
be symmetrical around the centre axis of the cylinder as shown in figure 2.6 b.  

Figure 2.6. a. Ideal cylindrical catalyst pellet. b. Cut through a cylindrical catalyst pellet. 

At steady state, the amount of A entering the cylinder will equal the observed rate of reaction as no A is accumulated
inside the catalyst pellet:

where A1 is the surface area of the catalyst pellet given by 2@B@LP@L [m2]
L is the catalyst length as seen in figure 2.6 [m]
Lp is the catalyst pellet radius as seen in figure 2.6  [m]
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(2.27)

(2.28)

(2.11)

(2.29)

The observed rate of reaction and therefore the internal effectiveness factor can thus be calculated if the molar flux at the
pellet surface is known:

The flux at the pellet surface can be found from a molar balance over the catalyst pellet:

Introducing Fick’s first law:

leads to:

with the boundary conditions:
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(2.30)

(2.14)

(2.15)

(2.31)

 To make equation (2.29) more useful in general it is often put in dimensionless form. This is accomplished by  the

substitutions used in (2.14):

leading to the results of equation (2.15):

 The dimensionless form of the differential equation then is: 
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(2.17)

(2.32)

(2.19)

(2.33)

(2.34)

with the boundary conditions:

Equation (2.31) does not in general have an analytical solution and therefore often has to be solved using a numerical

method for solving ordinary differential equations (ODE). In most cases ,a differential equation like (2.31) needs to be

solved for each reactant and product simultaneously leading to a set of coupled differential equations.

 2.2.4 A Mathematical Model for Mass Transport in a Cylindrical Catalyst Pellet: 

 Irreversible First Order Reactions

For first order irreversible reactions an analytical solution to equation (2.31) does exist:

As for the slab, the dimensionless constant in front of >A is the square of the Thiele modulus:

Inserting the Thiele modulus into equation (2.32) yields

Rearranging equation (2.33) into (2.34)
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(2.35)

(2.17)

(2.17)

(2.36)

(2.37)

(2.38)

it becomes obvious that this is a modified Bessel differential equation to which the general solution is [7]:

where Constant1 and Constant2 are determined from the boundary conditions
I0 is the modified Bessel function of the first kind of order 0
K0 is the modified Bessel function of the second kind of order 0

Constant2 is readily determined from the boundary condition

which indicates that >A is finite at .  = 0. As K0(n@. ) goes toward infinity as .  goes toward zero, Constant2 must be zero.
Constant1 can now be found from the boundary condition

leading to

The solution to the differential equation is then

The flux at the catalyst surface therefore becomes
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(2.39)

(2.40)

The effectiveness factor for a first order irreversible reaction can now be determined from (2.27) as

2.2.5 A Mathematical Model for Mass Transport in a Spherical Catalyst Pellet

An idealized spherical catalyst pellet is shown in figure 2.7. It has a diameter of 2LP. The reactant concentration profile
through the sphere is symmetrical around the centre of the sphere as shown in figure 2.7 b.  

Figure 2.7. a. Spherical catalyst pellet. b. Cut through a spherical catalyst pellet. 

At steady state, the amount of A entering the sphere will equal the observed rate of reaction as no A is accumulated inside
the catalyst pellet:

where A1 is the surface area of the catalyst pellet given by     [m2]

Lp is the catalyst pellet radius as seen in figure 2.7  [m]
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(2.42)

(2.11)

(2.41)

The observed rate of reaction and therefore the internal effectiveness factor can be calculated if the molar flux at the pellet
surface is known:

The flux at the pellet surface can be found from a molar balance over the catalyst pellet:

Introducing Fick’s first law:
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(2.43)

(2.44)

(2.14)

(2.15)

leads to:

with the boundary conditions:

 Equation (2.43) can be stated in dimensionless form. This is accomplished by  the substitutions (2.14):

leading to the results of equation (2.15):
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(2.45)

(2.17)

(2.46)

The dimensionless form of the differential equation then becomes: 

with the boundary conditions:

Equation (2.45) does not in general have an analytical solution and therefore often has to be solved using a numerical

method for solving ordinary differential equations (ODE). In most cases, a differential equation like (2.45) needs to be

solved for each reactant and product simultaneously leading to a set of coupled differential equations.

 2.2.6 A Mathematical Model for Mass Transport in a Spherical Catalyst Pellet: 

 Irreversible First Order Reactions

 For first order irreversible reactions, an analytical solution to equation (2.45) does exist:
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(2.19)

(2.47)

(2.48)

(2.49)

(2.50)

As for the slab the dimensionless constant in front of >A is the square of the Thiele modulus:

Inserting the Thiele modulus into equation (2.46) yields

Equation (2.47) can be solved using the substitution:

leading to the results of equation (2.49):

 Substituting (2.49) into equation (2.47) yields
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(2.51)

(2.52)

(2.51)

(2.53)

This equation is in mathematical terms identical to equation (2.20) for a slab except that the boundary conditions now

becomes

Equation (2.51) can be solved using  LaPlace transformation:

From the boundary condition:

the unknown constant >A(0) can be found:
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(2.54)

(2.55)

(2.56)

The solution to the differential equation then is

The flux at the catalyst surface therefore becomes

The effectiveness factor for a first order irreversible reaction can now be determined from (2.41) as

2.2.7 Conclusions on the Internal Catalyst Effectiveness Factor for Irreversible First Order Reactions

The internal catalyst effectiveness factor for first order irreversible reactions can for an ideal catalyst slab, an ideal
cylindrical and spherical catalyst pellet be calculated from the equations (2.26), (2.38) and  (2.56) respectively as given
in table 2.1. Calculating the effectiveness factor from these equations leads to the curves shown in figure 2.8. 




































































































































